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For a commutative ring T with identity and a subring R of T containing the identity element 
of T, (R, T) is called a ‘Laskerian pair’ (LP) resp. a ‘strongly Laskerian pair’ (SLP) if every ring 
A with RCA c T is Laskerian (resp. strongly Laskerian). In Section 1 we characterize when 
(R, R[X]) is an LP where R is a ring and X is an indeterminate over R. In Section 2, necessary 
and sufficient conditions are determined in order that (R,K) is an LP where K is a field containing 
R. For an integral domain R, we answer in Section 3 when (R,S-‘R) is an LP where S is a multi- 
plicatively closed subset of R with 0 $ S. In Section 4, we characterize when (K, R) is an LP where 
R is an affine ring over a field K. For an LP (R, T) we determine in Section 5 relations between 
the Krull dimensions of R and T. 
Introduction 
In [8], Gilmer considered integral domains D such that each subring of D with 
identity is Noetherian. Wadsworth [21] and Gilmer-Heinzer [12] have studied the 
properties of the pairs of rings R c T (where T is a commutative ring with identity 
and R contains the identity of T) such that each ring A with R c A c Tis Noetherian. 
For the sake of completeness, we start with the following definitions though they 
are well known. Let T be a commutative ring with identity. Let M be a unitary T- 
module. M is said to be a Laskerian T-module if M is a finitely generated T-module 
and every submodule N of M is a finite intersection of primary submodules of M. 
T is said to be a Laskerian ring if T is Laskerian as a T-module [2, Exercise 23, 
p. 2951. 
Let Q be a P-primary submodule of M. Q is said to be strongly primary if there 
is a positive integer k such that PkMc Q, A finitely generated T-module M is said 
to be strongly Laskerian if every submodule N of M is a finite intersection of 
strongly primary submodules of M [2, Exercise 28, p. 2981. T is said to be a strongly 
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Laskerian ring if T is strongly Laskerian as a T-module. It is well known that every 
Noetherian T-module is a strongly Laskerian T-module. 
Useful and interesting theorems have been proved on Laskerian rings by several 
authors [lo, 15,17, 191. The object of this paper is to study the status of results of 
[S, 12,211 in the context of Laskerian rings. Before giving a brief sketch of the 
results proved here let us first fix some notations and conventions which are used 
throughout. 
All rings considered here are assumed to be commutative rings with identity. Sub- 
rings are assumed to contain the identity of the ring of which it is a subring. Let 
R c Tbe rings. We say (R, T) is a ‘Laskerian pair’ (resp. ‘a strongly Laskerian pair’) 
if each ring A such that R CA c T is Laskerian (resp. strongly Laskerian). We use 
LP (resp. SLP) for ‘Laskerian pair’ (resp. for ‘strongly Laskerian pair’). We use NP 
for ‘Noetherian pair’. By dimension of a ring we mean its Krull dimension. We use 
the abbreviation ‘dim R’ to denote the dimension of a ring R. Our use of inclusion 
symbol: A c B (or B 2 A) means that A is a subset of B. A c B (or B>A) means that 
A is properly contained in B, namely A c B and A #B. 
Let R be a ring and let X be an indeterminate over R. We show in Section 1 that 
(R, R[X]) is an LP if and only if R is Artinian. This result turns out to be one of 
the main results in this paper and it has been used to arrive at the results of other 
sections. 
In Section 2 we characterize when (R,K) is an LP where K is a field containing 
R. We also consider the question of when (R,K) is an SLP. 
Let R be an integral domain and let S be a multiplicatively closed subset of R such 
that 0 $ S. In Section 3 we study when (R, S-‘R) is an LP. We further observe that 
for a Noetherian domain R, (R,S-‘R) is a LP if and only if (R,S-‘R) is an NP. 
Let R be an affine ring over a field K. [l, Theorem 2.41 determines when (K, R) 
is an NP. In Theorem 4.1 we characterize when (K, R) is an LP. 
We conclude with Section 5 in which the following theorem, which generalizes a 
theorem of Gilmer and Heinzer [12, Corollary 1.81, is proved: “Let (R, T) be an LP. 
Then (dim R) - 1 <dim T<(dim R) + 1. If either dim R> 1 or dim T> 1, then 
dim R = dim T.” 
1. When is (R,R[XI) an LP? 
Our aim in this section is to prove the following theorem: 
Theorem 1.1. Let R be a ring and let X be an indeterminate over R. Then (R, R [Xl) 
is an LP if and only if R is Artinian if and only if (R, R [Xl) is an SLP. 
For proving Theorem 1 .l, we need the following results: 
Lemma 1.2. Let (R, T) be an LP (resp. an SLP). Then 
(1) (R/A n R, T/A) is an LP (resp. an SLP) for each ideal A of T, A # T. 
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(2) (S-‘R, S-’ T) is an LP (resp. an SLP) for each multiplicatively closed subset 
S of R, O@S. 
Proof. Let B be any ring such that R/A fl R c B c T/A. Let f denote the natural 
homomorphism from T onto T/A. Then B=f(f-‘B). As R G f-‘B c T, f -‘B is 
Laskerian (resp. strongly Laskerian). Thus B is a homomorphic image of a Laskerian 
(resp. strongly Laskerian) ring and hence is Laskerian (resp. strongly Laskerian). 
(2) Follows similarly, since a ring of fractions of a Laskerian ring (resp. a strongly 
Laskerian ring) is Laskerian (resp. strongly Laskerian). 0 
Lemma 1.3. If R is quasisemilocal and (R,, TRiM) is an LP (resp. an SLP) for 
each maximal ideal M of R, then (R, T) is an LP (resp. an SLP). 
Proof. Let M i, . . . ,M, denote all the maximal ideals of R. Let A be any ring such 
that R c A c T. Let gj (j= 1, . . . , t) denote the natural homomorphism from A to 
A, ,M,. Let I be any ideal of A, If A. It is easy to see that Z=g;](ZR ,M,)n ... Il 
gt’(l,\M,). Each IRiM, (j= 1, . . . . t) is an intersection of a finite number of 
primary ideals of A,,,, and so I is an intersection of a finite number of primary 
ideals of A. This proves that (R, T) is an LP. Suppose further for eachj (j = 1, . . , t), 
(RM,, TRiM,) is an SLP. Let q be any P-primary ideal of A. Then Pfl R cMj for 
somejE (1 , . . . , t >. Now qR iM, is a PR ,,,-primary ideal of AR iM,. Since A, iM is 
strongly Laskerian, qR iM, 2 (PR \M,)m for some integer mr 1. Therefore q 1$‘. 
Hence A is strongly Laskerian. 0 
The following example will show that the quasisemilocal condition in Lemma 1.3 
cannot be dropped in general. First it is useful to recall the following result of 
Heinzer and Ohm. If every R,, PeSpec(R), is Noetherian and every finitely 
generated ideal of R has only a finite number of weak Bourbaki primes, then R is 
Noetherian [16, Corollary 1.41. Hence in particular, if a Laskerian ring R is such 
that R, is Noetherian for every prime ideal P of R, then R is Noetherian. 
Example 1.4. Let T be the domain constructed by Nagata in “Examples of bad 
Noetherian rings” [18, Example 81. Recall that this T is a Noetherian domain of 
dimension one and is such that for each PE Spec(T), Trip (where T denotes the 
integral closure of Tin its quotient field) is a finite T,-module, but T is not a finite 
T-module. Let X be an indeterminate over T. It is shown in [ 13, Example 1. lo] that 
(T[X],, T[X] T,Xl ,M) is an NP for each maximal ideal M of T[X] but (T[X], T[X]) 
is not an NP. Let A be any non-Noetherian domain between T[X] and T[X]. Let 
QESpec(A). Then Qfl TC P for some PESpec(T). Hence AQ=(AT,P)QAr,p. As 
- 
(T[X]),,, is a finite (T[X]),,,-module, (T[X]),,, is a finite A,,.-module. Fur- 
ther, (W4>T\p is Noetherian. Hence by Eakin’s Theorem [5, Theorem 21, it 
follows that A,,, is Noetherian. So AQ is Noetherian. Thus A is locally Noetherian. 
As A is non-Noetherian, A is also not Laskerian. 
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We shall make use of the following result of Heinzer and Lantz in the proof of 
Proposition 1.5 below: 
A ring R is Laskerian if and only if R has Noetherian spectrum and for each 
proper ideal A, there is a prime ideal P minimal over A and an element SE R \P 
such that A : s is P-primary [ 1.5, Corollary 2.21. 
As an important step in proving Theorem 1.1, we have the following. 
Proposition 1.5. Let R be a ring which is not equal to its own total quotient ring 
and let X be an indeterminate over R. Then (R, R [Xl) is not an LP. 
Proof. By hypothesis there exists a nonzerodivisor ‘y’ of R which is not a unit of 
R. Let A = n,“=, y”R. First consider the case in which A = (0). We prove that the 
ring T= R + (1 + yX)R [X] is not Laskerian. In fact, we show that the principal ideal 
(1 + yX)T cannot admit a primary decomposition in T. Let P be any prime ideal 
of T minimal over (1 + yX)T. We claim that there exists no SE T\P such that 
(1 + yX)T: ST is a primary ideal of T. First notice that P > (1 + yX)R[X], for if 
h(X) E (1 + yX)R [Xl, then h(X) = (1 + yX)g(X) for some g(X) E R [X] and 
(h(X))2 = ((1 + yX)g(X))2 = (1 + yX)((l + yX)g(X))2 E (1 + vX)Tc P 
and so h(X)EP. Let SET\P. s=Y+(l+yX)g(X) for some yeR (y#O) and 
g(X) E R[X]. There exists a non-negative integer m such that y E ymR \ y m+ 'R. So 
y=ymv for some veR\yR. 
Let a=(l+yX)X”+‘. We shall establish that yae (1 + yX)T: ST while no power 
of y is in (l+yX)T:sTand ae(l+yX)T:sT. Now 
yas=y((l+yX)Xm+l )[Y”V + (1 + YXkW)l 
= (1 + yx)(yx)“+’ u + (1 + YX)[(l + YmmYXm+‘l 
~(1 +yX)T. 
Thus yaE(l+yX)T:sT. If y”~(l+yX)T:sT for some integer nrl, then yns= 
(1 + yX)t for some t E T. This implies 
Y”(Y + (1 + YXMX)) = (1-t yX)t 
and so 
y”y=(l +yX)t-y”(1 +yX)g(X)E(l +yX)R[X]nR 
and this is obviously impossible because 
(l+yX)R[X]nR=(O), 
but y”y#O. 
Next we show that a$(l+yX)T:sT. If asE(l+yX)T, then 
(1-t yX)Xn’+’ 1Y”V + (1 + Yxkml= (I+ YXV 
Laskerian pairs 91 
for some Z E T. Since (1-t yX) is a nonzerodivisor of R [Xl, it follows that 
X “‘+‘[ymu+(l +yX)g(X)] =.Z. As T>(l +yX)R[X] and ZE T, ymoXm+’ = 
Z-(l+yX)g(X)X*“~T. Let mrl. Since (l+yX)y”-‘uXm-y”~‘~X”= 
y?JXm+l E T and (1 + yX)y”-’ uX” E T, it follows that y”-‘uXM E T. Proceeding 
like this one can show that UXE T and so uX= w + (1 + yX)f(X) for some w E R and 
f(X) E R [Xl. Hence uX- w = (1 + yX)f(X). Since y is a nonzerodivisor of R, the 
preceding equality implies that f(X) E R. So by comparing leading terms on both 
sides of uX- w = (1-t yX)f(X), it follows that u E yR, a contradiction. Thus 
a $ (1 + yX)T: ST. This proves that (1 + yX)T: sT is not a primary ideal of T. Hence 
T is non-Laskerian. This completes the proof in the case n,“= 1 y”R = (0). 
Consider the ring R/A where A = n,“= 1 y”R. Making use of the fact that y is a 
nonzerodivisor of R (resp. a nonunit of R), it is easy to see that 7 (=the residue class 
of y modulo A) is a nonzerodivisor of R/A (resp. a nonunit of R/A). Further, notice 
that n,“=, (?R)” =O. From what we have shown above, (R/A, R[Xj/A[X] = 
(R/A)[X]) is not an LP. Now A[X] fl R = A. Hence by Lemma 1.2, (R, R [Xl) is not 
an LP. 0 
We are now ready to prove Theorem 1.1. 
Proof of Theorem 1.1. Assume that (R,R[X]) is an LP. It is known that R is 
Noetherian if R[X] is Laskerian [17, Theorem 21. Hence it follows that R is 
Noetherian. Next we show that every prime ideal P of R is a maximal ideal of R. 
Lemma 1.2 implies that (R/P, R [X]/P[X] = (R/P)[X]) is an LP. From Proposition 
1.5 it follows that R/P is a field and so P is a maximal ideal of R. Thus R is Ar- 
tinian. 
Conversely, assume that R is Artinian. It is well known that Spec(R) is a finite 
set and every element of Spec(R) is a maximal ideal of R. Let Mi, . . . ,M, denote all 
the maximal ideals of R. In view of Lemma 1.3, in order to prove that (R, R[X]) 
is an SLP, it is sufficient to show that (RM,, (R [Xl), iM, = R,, [Xl) is an SLP for 
each i = 1, . . . , t. So we reduce to the case in which R is a local Artinian ring with 
maximal ideal M. Let A be any ring such that R c A c R [Xl. Let A denote the in- 
tegral closure of A in R [Xl. Since M” = (0) for some integer n 2 1, A 2 R + M[X]. 
We need to consider two cases. 
Casel.A=R+M[X].Inthiscase,RcAcR+M[X]=A.NoticethatR+M[X] 
is a quasilocal ring with nilpotent maximal ideal M[X]. Since R + M[X] is integral 
over A, A is also a quasilocal ring with nilpotent maximal ideal. Hence A is strongly 
Laskerian. 
Case 2. A > R + M[X]. Then there exists h(X) EA \ (R +M[X]). Let h(X) = 
y,Xm+ym~tX~-’ + ..e+yO where _,VjER (for j=O,...,,). 
Since h(X) $ R + M[X], m 2 1. Let j be a nonnegative integer which is smallest 
with respect to the property that Y,,_~$M. Again using the fact that h(X)@ 
R + M[X], it is easy to see that j< m. Since 
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m-j 
and 
h(X)= c y;x’+ c y,X’d 
i=o i>n-j 
c y,X’eM[X] CA, 
i>m-J 
it follows that CyZijyjX’~A. 
Now y,_j is a unit of R and hence A will contain a manic polynomial in X of 
degree (m-j) (>O) with coefficients in R. 
This proves that R [X] is integral over A and hence R [X] is integral over A. Since 
R[X] =A[X] is integral over A, it follows that the Noetherian ring R[X] is a finite 
A-module and hence by Eakin’s Theorem [5, Theorem 21, A is a Noetherian ring. 
Hence A is strongly Laskerian. This completes the proof of Theorem 1.1. 0 
2. Laskerian pairs of the type (R,K) where K is a field 
In this section we determine when (R, K) is an LP where K is a field containing 
R (Knot necessarily the field of quotients of R). We first consider the case in which 
R is a domain but not a field. The following proposition characterizes when (R, K) 
is an LP. 
Proposition 2.1. Let R be a domain which is not a field. Let K be a field containing 
R. Then (R, K) is an LP if and only if K is algebraic over R and the integral closure 
of R in K is a Laskerian Priifer domain. 
The proof of Proposition 2.1 needs the following results: 
Let T be an integral domain with quotient field F. By an overring of T we mean 
a domain A such that T c A c F. Let W be any overring of T which is flat as a T- 
module. Then it follows from Richman’s results [20, Theorem 2 and Lemma 31 that 
(i) dim W<dim T, (ii) W has N oetherian spectrum if T has Noetherian spectrum. 
It is known that a domain of dimension one is Laskerian if and only if it has 
Noetherian spectrum [15, see comments following Theorem 2.91. A Priifer domain 
is Laskerian if and only if it is of dimension at most one and has Noetherian spec- 
trum [9, Exercise 9, p. 4561. Also it is known that if R c T are rings and if T is 
integral over R and has Noetherian spectrum, then R has Noetherian spectrum. 
Lemma 2.2. Let T be a Laskerian Prtifer domain. Then any overring of T is 
Laskerian. 
Proof. T is of dimension at most one and has Noetherian spectrum. Let W be any 
overring of T. Since T is a Priifer domain, W is a flat overring of T. Hence W is 
also of dimension at most one and has Noetherian spectrum (for a proof of this fact 
about W one can also appeal to [9, Theorem 26.2(e)]). So W is Laskerian. 0 
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The following theorem of Gilmer is also used in the proof of Proposition 2.1: Let 
D be an integral domain with quotient field F. Then each ring A such that D c A C F 
is one-dimensional if and only if the integral closure of D in F is a one-dimensional 
Prtifer domain [6, Theorem 61. 
We now proceed to the proof of Proposition 2.1. 
Proof of Proposition 2.1. Assume that (R,K) is an LP. Let F denote the quotient 
field of R. Let A be a domain such that R CA CF. We claim that dim A = 1. Let, 
if possible, dim A > 1. Then by [18, Theorem 11.91 there exists a valuation ring I/ 
of dimension > 1 such that A G VcF. Now V is not Laskerian, in contradiction to 
the assumption that (R, K) is an LP. Hence dim A = 1. So by [6, Theorem 61 the in- 
tegral closure of R in F is a one-dimensional Prufer domain. Since R is a domain 
which is not a field and (R, K) is an LP, Proposition 1.5 implies that K is algebraic 
over R. Let R, denote the integral closure of R in F and let R, denote the integral 
closure of R in K. Then R2 is the integral closure of R, in K. We have noticed that 
R, is a one-dimensional Priifer domain. Since K is an algebraic extension of F, by 
[9, Theorem 22.31, R, is also a Priifer domain. By hypothesis, R, is Laskerian. 
Conversely, assume that K is algebraic over R and the integral closure of R in K 
is a Laskerian Priifer domain. Let A be any ring such that R c A c K. Let i? denote 
the integral closure of R in K and A denote the integral closure of A in K. Notice 
that A is an overring of i?. By hypothesis, R is a Laskerian Prtifer domain. Hence 
it follows from the proof of Lemma 2.2 that A is of dimension at most one and has 
Noetherian spectrum. So A is of dimension at most one and has Noetherian spec- 
trum. Hence A is Laskerian. This proves that (R,K) is an LP and completes the 
proof of Proposition 2.1. 0 
We say that a ring R is hereditarily Laskerian if each unitary subring of R is 
Laskerian. 
Let K be a field of characteristic 0. Let Z denote the ring of integers and let 2 
denote the integral closure of Z in K. It follows from Proposition 2.1 that K is 
hereditarily Laskerian if and only if K is algebraic over Z and 2 is a Laskerian Prtifer 
domain. 
The following fact has been pointed out to me by the referee. 
Fact 2.3. Let R be a Laskerian Priifer domain. Let F denote the quotient field of 
R. Let K be a field containing F and let K be algebraic over F. Let R denote the 
integral closure of R in K. Then i? is Laskerian if and only if each valuation overring 
of R has only a finite number of extensions to K. 
We make use of the following remark in the proof of Fact 2.3: 
Remark 2.4. Let T be a domain which is integral over a subring R. Assume that 
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dim R = 1 and R has Noetherian spectrum. Then T has Noetherian spectrum if and 
only if each PE Spec(R) has only a finite number of lifts in T. 
Proof of Remark 2.4. (-) It is clear that the prime ideal (0) of R has got a unique 
lift in T. Let P~spec(R), P#(O). ChooseyEP, y#O. Let {Qa}as,i denote all the 
prime ideals of T such that Q, tl R = P. Now dim T= 1 and T has Noetherian spec- 
trum. As y E Q, for each a E /1, it follows that /1 is a finite set. 
(=). Let teT, t#O. Let t”+rltnpl + ..’ + r, = 0 be an integral dependence equa- 
tion of least degree satisfied by t over R. Then r,, # 0 and since dim R = 1 and R has 
Noetherian spectrum, r, can belong to only a finite number of prime ideals of R. 
By hypothesis, each PeSpec(R) has only a finite number of lifts in T. Hence it 
follows that t can belong to only a finite number of prime ideals of T. So T has 
Noetherian spectrum. 
We now prove Fact 2.3. 
Proof of Fact 2.3. Let I/be any valuation overring of R. Since R is a Prtifer domain, 
I/= R, for some PE Spec(R). Let {Qa}aEn denote the set of all prime ideals of 8, 
such that Q,nR = P. Notice that RR\,= is the integral closure of I/ in K and 
{Qa~~\da,n is the set of all maximal ideals of RR ,p. Now [9, Theorem 20.11 
implies that {R,JaEn is the set of all extensions of V to K. Hence from Remark 
2.4 it follows that i? is Laskerian if and only if every valuation overring of R has 
only a finite number of extensions to K. 
Thus, from Proposition 2.1 and Fact 2.3 we obtain that a field K of characteristic 
0 is hereditarily Laskerian if and only if K is algebraic over Z (and hence the valua- 
tion ring Q has the unique extension K to K) and for all prime numbers p, the valua- 
tion ring Zpz has only a finite number of extensions to K. 
Remark 2.5. Let K be a field of characteristic 0. Let UJ denote the field of rational 
numbers. Gilmer, in [S, Theorem 31 has proved that K is hereditarily Noetherian 
(i.e. each unitary subring of K is Noetherian) if and only if [K: UJ] < 00. 
In [9, p. 5201, Gilmer has given an example of an infinite algebraic extension field 
K of UJ such that the integral closure of 77 in K is a Dedekind domain. Hence, from 
Proposition 2.1, it follows that K is hereditarily Laskerian. Thus the ‘only if’ part 
of the above-mentioned theorem of Gilmer does not carry over to the case of 
hereditary Laskerian rings. 
Let K be a field and let F be a subfield of K. We next characterize when (F, K) 
is an LP. If K is algebraic over F, then each ring A such that FcA c K is a field 
and hence is Laskerian. So we assume that K is not algebraic over F. If transcendence 
degree of K over F 22, then by Proposition 1.5 it follows that (F, K) is not an LP. 
Therefore, in characterizing when (F, K) is an LP we may assume that tr.deg K/F= 1. 
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Proposition 2.6. Let K be a field which is an extension of a field F such that 
tr.deg K/F= 1. Then the following conditions are equivalent: 
(1) (F, K) is an LP. 
(2) There is a transcendence basis {X} for K over Fsuch that the integral closures 
D, and D, of F[X] and F[l/X] in K are Laskerian. 
(3) For each element E K which is transcendental over F, the integral closure of 
F[t] in K is Laskerian. 
The proof of Proposition 2.6 needs a lemma. We first recall the following defini- 
tion. Let D be an integral domain with quotient field K. D is said to be a domain 
of finite character if there exists a family H= { Va}aEn of valuation overrings of D 
satisfying the following two conditions: 
(1) D= f-l,,,, v,, 
(2) the family H has finite character that is, if XE K, x# 0 then x is a nonunit in 
only finitely many of the valuation rings in the family H. A family H satisfying (1) 
and (2) is called a defining family for D [9, p. 5241. 
Lemma 2.1. Let D be a one-dimensional Prufer domain. Then D is Laskerian if and 
only if D is a domain of finite character. 
Proof. Assume that D is Laskerian. Since D is one-dimensional and Laskerian, each 
nonzero element of D can belong to only a finite number of maximal ideals of D. 
Since D is a Prtifer domain, D, is a valuation ring for every prime ideal P of D. 
These facts imply that D is a domain of finite character with defining family {DM} 
where A4 ranges through all the maximal ideals of D. 
Conversely, assume that D is a domain of finite character with a defining family 
1 VaIaEn. We show that D is Laskerian. Since D is l-dimensional, it is sufficient to 
prove that D has Noetherian spectrum. We may suppose that the I/a’s are non- 
trivial valuation overrings of D. For each (Y EA, let M, denote the unique maximal 
ideal of V,. Let PE Spec(D), P#(O). Since D is a domain of finite character with 
a defining family (Va}aEn, it follows that Dn=n,,, (V,),,,. As D is a 
l-dimensional Prtifer domain, each V, is of dimension one and so each V, is a 
maximal subring of K (where K is the quotient field of D). Since Dp# K, (V,),,, # K 
for some (Y E II and so for that (Y, V, = (V,), ,p. From this it follows that A4, fl D c P 
and, as M,nD#(O) and dim D= 1, P=iU,nD. This fact together with the hypo- 
thesis that the family { Va}aE,, has finite character implies that each nonzero ele- 
ment of D can belong to only a finite number of maximal ideals of D, so that D 
has Noetherian spectrum. Hence D is Laskerian. q 
Remark 2.8. The referee has pointed out to me that the proof of the ‘if’ part of 
Lemma 2.7 follows from [7, Theorem 21. Yet, as the proof above is different and 
for the sake of completeness we have included the proof of the ‘if’ part of Lemma 
2.7. 
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We can now prove Proposition 2.6. 
Proof of Proposition 2.6. (1) * (2). Obvious. 
(2) * (3). Let A =F[t], the integral closure of F[t] in K. Since K is algebraic over 
F(t), by [9, Theorem 22.31, A is a Priifer domain. Also notice that dim A = 1. We 
show that A is Laskerian. By Lemma 2.7, it is sufficient to show that A is a domain 
of finite character. To prove this, we use an argument found in the proof of [14, 
Theorem 3.51. Now A = nMAM where AI ranges through all the maximal ideals of 
A. We prove that the family {A,}, has finite character. 
Fix a maximal ideal M of A and consider the valuation domain A,. Either 
XEA, or l/XeA, and so either A,>D, or A,>&. 
Thus {A,},,,, c F, UF, where F,, F2 denote the family of all nontrivial valuation 
overrings of D,, D, respectively. Since D,, Dz are one-dimensional Prtifer domains, 
F, = {(D,)Q : Q ranges through all the maximal ideals of D, }, F2 = {(D&: Q’ 
ranges through all the maximal ideals of Q}. Now by hypothesis, F, and F2 have 
finite character and hence the family F, UF, also has finite character. 
As {AM}McFIUF~, VMIM also has finite character. Hence A is a domain of 
finite character. This proves (2) * (3). 
(3) * (1). Let A be any ring such that FCA c K. The following two cases arise: 
Case (i). A is algebraic over F. In this case A is a field. 
Case (ii). Tr.deg A/F= 1. Let t EA be such that t is transcendental over F. Let 
A denote the integral closure of A in K. Now A > F[t] and so ii 1 F[t] = the integral 
closure of F[t] in K. By hypothesis, F[t] is Laskerian. Now the fact that A is 
Laskerian follows as in the proof of the converse part of Proposition 2.1. 0 
Corollary 2.9. Let F be a field of characteristic p > 0. Let K be a field containing 
F such that tr.deg K/F= 1. Let XE K be transcendental over F. If the separable 
degree of K over F(X) is finite, then (F,K) is an LP. 
Proof. In order to prove that (F, K) is an LP, by Proposition 2.6, we need only to 
show that for each t E K which is transcendental over F, the integral closure of F[t] 
in K is Laskerian. By hypothesis, K is purely inseparable over F(X, s) for some s E K. 
Hence K is purely inseparable over F(X,s, t). 
Let B, denote the integral closure of F[t] in F(X,s, t) and B, denote the integral 
closure of B1 in K. It is then clear that B, is the integral closure of F[t] in K. Now 
F[t] c B, c F(X, s, t) and [F(X, s, t) : F(t)] < 03 and hence by the theorem of Krull- 
Akizuki [IS, Theorem 33.21, B, is Noetherian. Notice that B, is an integrally closed 
domain and K is purely inseparable over the quotient field of B, and hence by 
[9, Corollary 12.31, each PE Spec(B,) has a unique lift in B,. From Remark 2.4 it 
follows that B, has Noetherian spectrum and so B, is Laskerian. 0 
Remark 2.10. Let K be a field of characteristic p>O. Let Ep denote the finite 
field of p elements. Assume that tr.deg K&p= 1 and let X be an element of K 
Laskerian pairs 91 
transcendental over Ep. In [S, Theorem 41, Gilmer has shown that K is hereditarily 
Noetherian if and only if [K: Fp(X)] < 03. 
We illustrate by means of an example that the above theorem cannot be extended 
to the case of hereditarily Laskerian rings. 
From Corollary 2.9, it follows that EJX, Xlp, X”pz , . . .) is hereditarily Laskerian. 
But [lF~(X,X”p,X1’p*, . ..). EJX)] is not finite. (The ring [F,[X,X”p,X1’p’, . ..I has 
been considered by several authors [4,8].) 
Remark 2.11. Let K be a field and let F be a subfield of K such that tr.deg K/F= 1. 
Then it follows from Proposition 2.6 and Fact 2.3 that (F, K) is an LP if and only 
if for each element t E K which is transcendental over F, every valuation ring of F(t) 
containing F has only a finite number of extensions to K. 
We next turn to the consideration of when (R,K) is an SLP. We have the 
following: 
Proposition 2.12. Let R be a domain which is not a field and let F denote the quo- 
tient field of R. Let K be a field containing R. If (R,K) is an SLP, then 
(i) K is algebraic over R and the integral closure of R in K is a Dedekind domain. 
(ii) The separable degree of K over F is finite and K has finite exponent over F. 
The proof of Proposition 2.12 needs the following result. First we recall the 
following: 
Definition. Let T be a ring and let 1 be an ideal of T. We shall call I an SFT-ideal 
(for “strong finite type”) if there exists a finitely generated ideal B c Z and a positive 
integer m such that aM E B for each element a E I. We shall call Tan A-ring if each 
ideal of T is an SFT-ideal [3, p. 231. 
Next we prove the following: 
Lemma 2.13. Let T be a strongly Laskerian ring. Then T is an A-ring. 
Proof. Let I be any ideal of T. Since T has Noetherian spectrum, fi= JI”- 
for some finitely generated ideal B = (aI, . . . , a,.) c I. By hypothesis T is strongly 
Laskerian and hence there exists a positive integer m such that 
(a ,, . . . ,a,) > (j&ZZJ)” = (fi)” > Im. 
Hence T is an A-ring. 0 
We now prove Proposition 2.12. 
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Proof of Proposition 2.12. Assume that (R,K) is an SLP. Hence (R,K) is an LP. 
So it follows from Proposition 2.1 that K is algebraic over R and R (the integral 
closure of R in K) is a Laskerian Prufer domain. Since R C i? C K, l? is also strongly 
Laskerian and hence by [9, Exercise 8, p. 4561, R is a Dedekind domain. 
Next we proceed to prove that the separable degree of K over F is finite and K 
has finite exponent over F. Let Hbe the maximal separable subfield of K over F. Let, 
if possible, [H: F] be infinite. Then there exists an infinite sequence of elements 1 = 
ao,al,a2, . . ..a., . . . (ajEHfor i-l,2 ,...) such that [F(a, ,..., a,):F(a, ,..., a,pl)]>n 
for n-1,2,3 ,.... Let [F(a ,,..., ak):F(a, ,..., ak_,)]=nx- for k-1,2,3 ,.... 
The remaining part of the proof is suggested by the proof of [21, Lemma 31. 
Notice that there exists y E R, y#O such that the irreducible polynomial of a,y has 
coefficients in R. Set tr =a,y. Then R1 = R[tl] is a free R-module with basis 
{l,tr,...,t;l~’ }. Let A4 be a maximal ideal of R. Let m EM, m #O. Now it is easy 
to verify that Sr =R[mt,] is a free R-module with basis { l,mt,, . . ..(mt.)“‘-‘}. As 
the quotient field of Sr =F(a,), there exists z~Sr, z#O such that the irreducible 
polynomial of a2z has coefficients in S,. Set t2 = a2z. Then R, = S,[t,] is a free 
S,-module with basis { 1, t2, . . . , (t2)n2- I } and hence it follows that S2=Sl[mt,] is a 
free S,-module with basis { 1, mt2, .. . , (mt2)nz- ’ >. Proceeding like this, we obtain 
an ascending chain of rings Sr C s2 C s, C a.- , all within R such that Sk = S,- ,[mtk] 
for k= 1,2, . . . (where we set So = R) and satisfying the further condition that Sk is 
a free Sk-,-module with basis { l,mtk, . . . . (mtk)nk-‘} for k= 1,2,3, . . . . Let T= 
R[mtl,mt,, mt,, . ..I. 
We claim that T is not an A-ring. Let I be the ideal of T generated by 
m, mt,, mt2, .. . , mtk, . . . . We show that I is not an SFT-ideal. Suppose I is an SFT- 
ideal. Then there exists a finitely generated ideal R 5. Z and a fixed positive integer 
no such that anoEB for each aEZ. First we claim that I/r=m. Since ZsmT, 
fl2 m. Let PE Spec(T), P> mT. Now i? is integral over T and so there exists a 
QESpec(R)suchthatQnT=P.SincemEP~Qandast,ERforj=1,2,3,...,we 
obtain that mtj E Q for j= 1,2,3, . . . . Hence Q>Ii? and so P=QnT>ZRnT>I. 
Thus I/I=m. Since B is a finitely generated ideal contained in I, there exists a 
positive integer h such that Bh c mT. Since nk2 k+ 1 for k = 1,2,3, . . . , we obtain 
that hno<nk for some k. Consider the element mtx- of I. Since an”E B for each 
aE I and Bh c mT, it follows that (mtk)hno E mT. Since T is a free Sk-module, we 
obtain that (mtk)hno EmTnSk=mSk. Thus 
(mt~)hno=m[zo+z~(mt~)+ “‘+zhnn(mtk)hno+ .” +z,,_l(mtk)nkpl] (I) 
for uniquely determined elements zO, zl, . . . , i&,,, . . . , z,,~ 1 E Sk_, . Comparing coef- 
ficients of (mtk)hno n both sides of (I) we obtain that 1 =mzhno. As m is a nonunit 
in R and Sk-r is integral over R, 1 =I?%& is impossible. Hence T is not an A-ring 
and so T is not strongly Laskerian. But this contradicts the assumption that (R, K) 
is an SLP. So [H: F] is finite. 
Let the characteristic of F be p> 0. We claim that KP” c H for some 12 11. Let, 
if possible, KPn9H for any nr 1. We can find a sequence of elements ao= 
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l,a,,a, ,..., a, ,... ofKsuchthat[H(a, ,..., a,):H(a, ,..., a,_,)]>nforn=1,2,3 ,.... 
Let [H(ai, . . . , a,) : H(a,, . . . , ak_ 1)] = nk for k= 1,2,3, . . . . Let A, be the integral 
closure of R in H. Now proceeding as before we can find elements t,, t,, . . . E f? such 
that A,=A,[mt,, . . . . mt,] is a free Akp,-module with basis {l,f??tk, ...,(f??tk)nk-l} 
for k= 1,2,3, . . . . Now it follows as before that the ring T=A,[mt,, mt,, . . . , mtk, . ..I 
is not an A-ring and so T is not strongly Laskerian, in contradiction to the assump- 
tion that (R,K) is an SLP. Hence KP” c H for some n 2 1. 
This completes the proof of Proposition 2.12. 0 
The converse of Proposition 2.12 happens to be false. We present an example. 
Example 2.14. In [9, p. 5201, Gilmer has given an example of a field L which is an 
infinite algebraic extension of the field of rationals such that each integrally closed 
domain contained in L is either a field or a Dedekind domain. Since [L : Q] is in- 
finite, by Proposition 2.12, (Z, L) is not an SLP. Let R be a ring such that ZC R C L 
and R is not strongly Laskerian. Let K denote the quotient field of R. Let R denote 
the integral closure of R in K. Now i? is a Dedekind domain but (R,K) is not an 
SLP. 
We say that a ring R is hereditarily strongly Laskerian if each unitary subring of 
R is strongly Laskerian. 
Next, we determine when a field K of characteristic 0 is hereditarily strongly 
Laskerian. 
Corollary 2.15. Let K be a field of characteristic 0. Then K is hereditarily strongly 
Laskerian if and only if K is hereditarily Noetherian. 
Proof. Assume that K is hereditarily strongly Laskerian. Then by Proposition 2.12 
it follows that [K: Q] < 03. Now it follows from the Krull-Akizuki Theorem [18, 
Theorem 33.21 that K is hereditarily Noetherian. The converse is obvious. q 
Let K be a field and let F be a subfield of K such that tr.deg K/F= 1. We have 
the following: 
Corollary 2.16. Let K, F be as above and let F be a perfect field. Then (F, K) is an 
SLP if and only if (F,K) is an NP. 
Proof. Assume that (F, K) is an SLP. Let A be any ring such that FL A c K. There 
are two cases to consider. 
Case (i). A is algebraic over F. In this case A is a field. 
Case (ii). A is not algebraic over F. Let a E A be such that a is transcendental over 
F. Now (F[a],K) is an SLP. Hence it follows from Proposition 2.12 that F[a] (the 
integral closure of F[a] in K) is a Dedekind domain, the separable degree of K over 
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F(a) is finite and K has finite exponent over F(a). We claim that [K: F(a)] < 00. This 
is clear if the characteristic of F is 0. So we may suppose that the characteristic of 
F=p> 0. Now there exists a positive integer n such that KP” c H where H is the 
maximal separable subfield of K over F(a). Notice that H= F(a, s) for some s E H. 
Let L be an algebraically closed field containing K and let a’@‘,,~“~’ denote the 
p”th roots of a,s in L. Using the fact that F is a perfect field and KP” c F(a,s), it 
now follows that Kc F(a 1’pn, s ‘@“). As [F(a 1’p”, s1’p”) :F(a, s)] < 03, we obtain that 
[K: F(a,s)] < 03 and so 
[K : F(a)] = [K : F(a, s)] [F(a, s) : F(a)] < 03. 
Now F[a] c A c K and so by the Krull-Akizuki Theorem, A is Noetherian. 
Thus (F, K) is an NP. The converse is obvious. 0 
Remark 2.17. Let K be a field of characteristic p>O. Let E,, denote the finite field 
of p elements and let tr.deg K/Fp= 1. Now it follows from Corollary 2.16 that K 
is hereditarily strongly Laskerian if and only if K is hereditarily Noetherian. 
3. When is (R,S-‘R) an LP? 
Let R be an integral domain which is not a field. A maximal ideal A4 of R is said 
to be a low maximal if M has height 1 and M is a high maximal if M has height 
>l [21]. 
Let S be any multiplicatively closed subset of a Noetherian domain R with 0 $ S. 
Wadsworth has proved the following result [ll, Corollary 121: “Let C denote the 
set of all elements of R which are contained in no high maximal ideal of R. Then 
(R,S-‘R) is an NP if and only if SC C.“. 
We prove in this section that for a Noetherian domain R, (R,S-‘R) is a LP if 
and only if (R,S-‘R) is an NP. 
We make use of the following proposition of Gilmer and Heinzer [ 10, Proposition 
31. For convenient reference we quote the result. 
Lemma 3.1 (Gilmer and Heinzer [lo, Proposition 31). Let P be a prime ideal of a 
Laskerian ring R, and let (0) = ny=, Qi be a shortest primary representation of (0) 
in R. The intersection of the set of P-primary ideals of R is the intersection of the 
family of components Qi that are contained in P. 
Proposition 3.2. (i) Let C be the set of all elements of a domain R that are contained 
in no high maximal ideal of R. Let S be any m.c. subset of R with O$S. If 
(R,S’R) is an LP, then SC C. 
(ii) Moreover, if R is a Noetherian domain, then (R, S-‘R) is an LP if and only 
if (R,S-‘R) is an NP. 
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Proof. (i) Assume that (R, S-‘R) is an LP. We show that SC C. Let, if possible, 
there exist some s E S such that s belongs to a high maximal ideal M of R. Since 
R[l/s] cS-‘R, (R,R[l/s]) is also an LP. From Lemma 1.2 it follows that 
(R,, (R [ 11~1)~ ,M) is an LP. Set for convenience R,= A, MR, = N. As height 
M2 2, dim A 12. We claim that there exists a nonzero prime ideal Q of A such that 
se Q. For if s belongs to all the nonzero prime ideals of A, then A[ l/s] is the quo- 
tient field of A and in this case (A,A[l/s]) is an LP which, by Proposition 2.1, 
would imply that dim A = 1. Hence there exists a nonzero prime ideal Q of A such 
that seQ. 
Choose XE Q, x#O. Let Z=x/sA[l/s] and let T=A +I. Notice that s is a nonunit 
of T. For if l/se T, then l/s=a+xy/s”+’ for some UEA, SEA and n20. Hence 
sfl=,n+’ + xy and so sn( 1 - as) =xy E Q. Now 1 -as is a unit of A and therefore 
we obtain sn E Q, a contradiction. So there exists PE Spec(T) such that s E P. 
Let q be any P-primary ideal of T. Since s E P, s’ E q for some integer t 2 1. So 
x = s’. x/s’ E q. Thus x belongs to all the P-primary ideals of T. As (A, A[ l/s]) is an 
LP, Tis a Laskerian domain. Hence from Lemma 3.1 it follows that the intersection 
of all the P-primary ideals of T equals (0). Hence x= 0, a contradiction. So we con- 
clude that S G C. 
(ii) Now assume that R is a Noetherian domain. If (R, S-‘R) is an LP, then from 
(i), SC C. Hence from [21, Corollary 121 it follows that (R, S-‘R) is an NP. 
Conversely, if (R, S-‘R) is an NP, then it is obvious that (R, S-‘R) is an LP. q 
We next exhibit an example in which R is a Laskerian domain and S is a multi- 
plicatively closed subset of R such that SC C but (R, S-‘R) is not an LP. First it is 
useful to recall the following theorem of Radu [19] of which we make use in the 
example to follow: 
Proposition 3.3 (Radu [19, Theorem 8 and Corollary 91). Let A c B be rings with 
a common ideal M. Assume that B is Laskerian (resp. strongly Laskerian). Then A 
is Laskerian (resp. strongly Laskerian) if A/M is a Laskerian (resp. strongly 
Laskerian) ring of dimension zero. 
Example 3.4. Let K be a field and let X be an indeterminate over K. Let V= K[[X]], 
the ring of all formal power series in X over K. Let Y be an indeterminate over I/. 
Let T=V[Y].LetM=(l+XY)T.As V[Y]/(l+XY)V[Y]=V[l/X]isthequotient 
field of V, (1 +XY)V[ Y] is a principal maximal ideal of the Noetherian domain 
T= V[ Y] and so height M= 1 in T. Let R = K+ M. By Proposition 3.3, R is strongly 
Laskerian. Let S = { 1, (1 + XY), (1 + XY)*, . ..}. It is easy to see that 
S’R=V[ Y,&y]=T[&y]. 
LetZ,,Z,,Z, ,... be an infinite number of elements of K[[X]] which are algebraically 
independent over K. 
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Now A=K[Z,,Z,,Z, ,... ] +M is such that RCA c T. As A does not have 
Noetherian spectrum, A is not Laskerian. So (R,S-‘R) is not an LP. It remains to 
show that SC C. To prove this, we first establish that height M= 1 in R. If there 
exists PeSpec(R) such that (O)CPCM, then choose meM\P. Now R[l/m]= 
T[l/m], P[l/m] ESpec(R[l/m]) and hence P[l/m] =Q[l/m] for some QESpec(T) 
such that m$Q. Thus P=P[l/m]nR=Q[l/m]~R=Q[l/m]flTfIR=QnR. It is 
easy to see that Q + Mf T. As A4 is a maximal ideal of T, it follows that QCM. 
This contradicts the fact that height M= 1 in T. So height M= 1 in R also. Further, 
M=II(1+XY)R. These observations imply that SC C. 
We conclude this section with examples of SLPs which are not NPs. 
Example 3.5. Let R = K[X,, X2, . . . , X,] (where K is a field and X1,X2, . . . ,X, are 
indeterminates over K) and let n12. Let P=(X,,...,X,~,)K[X,,X,,...,X,]. 
We assert that (K-t P, R) is an SLP and not an NP. By Proposition 3.3, K+ P 
is a strongly Laskerian ring. Let A be a ring such that K-t PCA c R. Then it is 
easy to see that A will contain some manic polynomial f(X,) E K[X,,] and hence 
it follows that R is integral over A. As R =A[X,,], we obtain that R is a finite 
A-module and hence by Eakin’s Theorem it follows that A is a Noetherian ring. 
Thus (K+P, R) is an SLP. Notice that K+ P is non-Noetherian, for (X,X,,)C 
(~1~,,~,~,2)c(~I~n,x,xn2,x1~n3)c... is a strictly ascending sequence of ideals 
of K+ P. Thus (K+ P, R) is not an NP. 
4. Laskerian pairs of the type (K, R) where R is an affine ring over a field K 
Let R be an affine ring over a field K. In [ 1, Theorem 2.41 necessary and sufficient 
conditions are determined in order that (K, R) is an NP. In this section we prove the 
following theorem which determines when (K, R) is an LP. 
Theorem 4.1. Let R be an affine ring over a field K. Then the following conditions 
are equivalent : 
(i) (K, R) is an SLP. 
(ii) (K, R) is an LP. 
(iii) R is of dimension at most one and if q is any primary but not a prime ideal 
of R with dim R/q = 1, then R/fi is integral over each one of its subrings containing 
K, which is not a field. 
The proof of Theorem 4.1 needs the following results: 
(i) Assume that T is an overring of a Noetherian domain D such that D is in- 
tegrally closed in T and each prime ideal of D is contracted from T. Then D= T 
[18, Theorem 33.11. 
(ii) Let D be a Noetherian domain which is not a field and let T be a subring of 
D (where d; = n,DM where A4 ranges through all the high maximal ideals of D or 
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b is the quotient field of D in case D has no high maximal ideals). Assume that 
T>D and D is integrally closed in T. Let {M,},,, be the family of all low 
maximal ideals of D that extend to T in T. If l/11 =m< 00, then there are exactly 
2”’ rings between D and T [13, Corollary 3.51. 
The proof also makes use of the following: 
Lemma 4.2. Let R be a quasilocal ring. Let T be a ring containing R and let y be 
a nonzerodivisor of T such that R is integrally closed in R [y]. If y satisfies a poly- 
nomial f (X) E R [X] with at least one coefficient off(X) a unit in R, then y or y -’ 
is in R. 
The proof of Lemma 4.2 proceeds along the same lines as in [9, Lemma 19.141. 
The only difference is that [9, Lemma 19.141 has not been stated in the above form. 
We now prove Theorem 4.1. 
Proof of Theorem 4.1. (i) * (ii). Obvious. 
(ii) * (iii). Assume (ii). If dim Rz2, then R will contain a polynomial ring in 2 
variables, say K[X, Y] over K. By Proposition 1.5, (K,K[X, Y]) is not an LP. But 
this contradicts (ii). So dim R< 1. 
Let, if possible, there exist a primary ideal q of R such that q #fi, dim R/q = 1 
and R/& is not integral over some K-subalgebra which is not a field. Let P=fi. 
Let H= { T: T is a K-subalgebra of R/P such that T is not a field and R/P is not 
integral over T}. By assumption H is nonempty. Partially order H by set inclusion. 
Let {TalaEn be a chain in H. Let T,= lJ_,, T,. Since each T, is of tr.deg 1 over 
K, tr.deg, T,=dimension of T,= 1. Making use of the fact that R/P is an affine 
domain over K and { Ta}aEn is a chain in H, one can show that R/P is not integral 
over T,. Thus TO~H and T, is an upper bound for the chain { Ta}aGn. Hence by 
Zorn’s Lemma, H has a maximal member, say T. 
We first show that T is integrally closed in R/P and R/P is an overring of T. Let 
z E R/P be such that z is integral over T. If z, $ T, then by the maximality of T, R/P 
is integral over T[z] and hence R/P is integral over T, a contradiction. Thus ZE T. 
Also notice that R/P is algebraic over T. Let w E R/P. Then there exists t E T (t # 0) 
such that tw is integral over T. Hence tw E T. So w E quotient field of T. Thus R/P 
is an overring of T. 
We next claim that there are only a finite number of rings between T and R/P. 
Now T is an affine domain over K by [l , Corollary 1.41 and dim T= 1. By [ 18, 
Theorem 33. l] there exists at least one maximal ideal A4 of T which extends to R/P 
in R/P. We now use an argument found in the proof of [13, Theorem 3.61 and show 
that the maximal ideals A4 of T such that M(R/P) = R/P are finite in number. 
Let R/P=K[z,, . . . , zh]. Let zi=ai/b for some aiE T (i=l,...,h) and bET 
(b#O). Now it follows that R/PC T[l/b]. So if Mis a maximal ideal of T such that 
M(R/P) = R/P, then MT[l/b] = T[ l/b]. This implies that b EM. As b can belong 
to a finite number of maximal ideals of T, it follows that the maximal ideals A4 of 
T which extend to R/P in R/P are finite in number. Now an appeal to [ 13, Corollary 
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3.51 will prove the claim. Hence there exists a domain T, such that TC T, C_ R/P 
and such that there are no rings S satisfying TC SC T, (i.e. T is a maximal subring 
of T,). Notice that T is integrally closed in T, and R/P is integral over T,. 
Let f denote the natural homomorphism from R onto R/P. Let f-‘(T,)=B, 
f-‘(T) =A. It is easy to verify the following facts about A and B: 
(i) R is integral over B and hence B is affine over K. 
(ii) TI = B/P, T= A/P and A is a maximal subring of B. Further A is integrally 
closed in B. And by hypothesis A is Laskerian. 
For convenience set A/q = A,, B/q = B, and P/q = P, . Notice that A, is a max- 
imal subring of B,, A, is integrally closed in B, and A, and B, have a common and 
a unique minimal prime ideal P,. 
Further, dim A, = dim B, = 1. Now there exists some maximal ideal N of A, such 
that (Ai),v~(Ri),I\,v. 
Observe that (AI)N and (B,),,,, inherit the above-mentioned properties of Al 
and B, and have a common and a unique minimal prime ideal (P1)N. Choose 
YE (B,),,\,\(A,),. Since (PI)N is the only prime ideal of (BI)A,iN which is 
associated to the zero ideal of (BI)A,iN, it follows that y is a nonzerodivisor of 
(BI)A,\N. Also notice that (AI),wC(AI)NLY~I C (AI)NLYI C(BI)A,\N. Hence (B1)A,\N= 
(A,),[.Y] =(AI)N~‘]. Therefore _Y=z~+z,_Y~+~.+ z,_v2 for some ZjE(AI)N (for 
j=O, 1 , . . . , t). Hence y is a root of a polynomial f(X)E(A1)NIX]\N(A,),,,[X]. 
From Lemma 4.2 it follows that l/y E N(A,),. Let z E (PI)N. Let Q be any 
N(A,),-primary ideal of (AI)N. Then l/yY E Q for some y 2 1. Therefore 
z=zyY. l/yY E Q. Thus (PI)N c {n Q: Q ranges through all the N(A,),-primary 
ideals of (A,),} = G. Since (AI)N is Laskerian, from Lemma 3.1, it follows that 
G = (0) and hence (PI)N is the zero ideal of (AI),,,.. 
But on the other hand Pfq. Hence P, is a nonzero prime ideal of A,. Let 
p1 E P,, p1 ~0. If pi/l =0/l in (AI)N, then there exists aI EA] \N such that 
alp, = 0. Since the zero ideal of A, is a Pi-primary ideal of A,, p, #O, a, E P, CN. 
Hence pi/l #O/l in (A1)N and so (PI)N is not the zero ideal of (AI)N, a contra- 
diction. Therefore (iii) follows. 
(iii) * (i). Assume (iii). If dim R = 0, then every ring A such that Kc A c R is in 
fact affine over K. So we suppose that dim R = 1. Let (0) = (n(l= , qi) fl (ny=, + 1 qj) 
be an irredundant primary decomposition of the zero ideal in R. Let dim R/q,=0 
for i= 1, . . . ,handdimR/qj=l forj=h+l,..., m. We first show that (K,R/q,) is 
an SLP for each r= l,..., m. This is clear if 1 srsh. So let us asssume that 
h+lsrsm. Fix Y, h+lsrsm, say r=h+l. For convenience set q=qh+l. By 
(iii), either q = fi or R/G is integral over each one of its subalgebras which is not 
a field. If q = fi, then each ring A such that KC A c R/q is in fact affine over K 
[ 1, Corollary 1.41. So we consider the case in which q # fi. Let A be any ring such 
that KC A c R/q. Let fi=p. Let A denote the integral closure of A in R/q. Let g 
denote the natural homomorphism from R/q onto R/p. Let R denote the integral 
closure of Kin R/p. It is easy to see that g-‘(x) is integral over K and so g-'(R) c 
A. Now there are two cases to be considered. 
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Case (i). g-‘@)=A. In this case A is a quasilocal ring with nilpotent maximal 
ideal p/q and so A is a quasilocal ring with nilpotent maximal ideal. Hence A is 
strongly Laskerian. 
Case (ii). g-‘(K)CA. Let zEA\g-l(R). So g(z) is not integral over K and hence 
g(z) is transcendental over K. Since R/p is integral over each one of its subalgebras 
which is not a field, R/p is integral over K [g(z)]. Now it follows that R/q is integral 
over K[z] +p/qCA. Hence R/q is integral over A and so R/q is integral over A. 
Therefore A is an affine ring over K. 
Thus (K, R/q,) is an SLP for each y, 15 y 5 m. Let B be any ring such that 
KcBcR. Now 
Further, B/(q, fl B) (for y = 1,. . . , m) is a strongly Laskerian ring and hence 
B/(q, n B) is a strongly Laskerian B-module for each y = 1,. . . , m. Therefore by 
[2, Exercise 28(d), p. 2981 
B B 
E=------ x . . . x ~ 
41nB qmnB 
is a strongly Laskerian B-module. Since B is a finitely generated B-submodule of 
E, by [2, Exercise 28(d), p. 2981, B is a strongly Laskerian B-module and so B is 
a strongly Laskerian ring. Hence (K, R) is an SLP. 0 
5. Dimension inequality 
In this section our aim is to prove the following theorem (which is a generalization 
of a result of Gilmer and Heinzer [12, Corollary 1.81). 
Theorem 5.1. Let (R, T) be an LP. Then (dim R) - 1 I dim TI (dim R) + 1. If either 
dim R or dim T is greater than 1, then dim R = dim T. 
The proof of Theorem 5.1 makes use of the following lemmas: 
Lemma 5.2. Let (R, T) be an LP. If Q,, Qz E Spec(T) are such that Q1 C Qz and 
Qi n R = Q2 n R, then Q2 is a maximal ideal of T and Q, fl R = Q2 fl R is a maximal 
ideal of R. 
Proof. First it is useful to recall the following well-known fact. If S c U are domains 
and if U is algebraic over S, then any nonzero ideal of U contracts to a nonzero ideal 
of s. 
Since (R, T) is an LP, (R/(Q,nR), T/Q1) is an LP. For convenience, set A = 
R/(Q, n R), B= T/Q,, N= Q2/QI. Notice that the nonzero ideal N of B contracts 
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to the zero ideal of A. Hence it follows that B is not algebraic over A. Let b E B 
be such that b is transcendental over A. Now (A,A[b]) is an LP. Hence from Pro- 
position 1.5, it follows that A is a field. So Q, n R = Qz fl R is a maximal ideal of R. 
If NcM for some maximal ideal M of B, then choose m EM \ N. Let n EN, n # 0. 
Now (0) c NflA [n, m] c MflA [n, m] is a chain of prime ideals of A [n, m] and hence 
dim(A [n, m]) 12. But on the other hand, A [n, m] is an affine domain over the field 
A and (A,_4 [n, m]) is an LP and hence by (ii) * (iii) of Theorem 4.1, dim A [n, m] 5 1. 
Hence we conclude that N is a maximal ideal of B and so it follows that Q2 is a 
maximal ideal of T. 0 
Corollary 5.3. Let (R, T) be an LP. Then dim TS (dim R) + 1. 
Proof. If dim R = 03, there is nothing to prove. So suppose dim R = m < 03. Let, if 
possible, dim Trm + 2. Then there exists a chain of prime ideals QoCQ1 C . ..C 
m+l~Qm+2 of T. From Lemma 5.2, it follows that QoflRCQ,nRC...c 
m+,flRcQ,,+,nR. But then dimR>m+l, a contradiction. 0 
Lemma 5.4. Let (R, T) be an LP. Assume that dim R = m < w and m 2 1. Then 
dim Tc m. 
Proof. Let, if possible, dim T> m. By Corollary 5.3, dim TI m + 1 and so dim T= 
m + 1. Hence there exists a maximal chain of prime ideals Q,, c Q1 c ... c Q, ~, c 
QmCQm+l of T. From Lemma 5.2, we obtain 
Notice that dim(T/Q,_ ,) = 2, dim(R/(Q,,_ 1 fl R)) = 1. Set A = R/(Q,_ , fl R), B = 
T/Q,_ 1. As (R, T) is an LP, (A, B) is an LP. Let (0) c W, c W, be a maximal chain 
of prime ideals of B. Choose b E W,\ W, . Since A is a domain but not a field and 
(A, B) is an LP, it follows from Proposition 1.5 that B is algebraic over A and so 
B is algebraic over A[b]. Hence WI flA[b] # (0). By the choice of b, W, nA[b] C 
W,nA[b]. Hence dim A[b] 2 2. As (A, A[b]) is an LP and dim A = 1, from Cor- 
ollary 5.3, dim A[b] ~2 and so dim(A[b]) =2. Let A denote the integral closure of 
A in A[b]. Now A is integrally closed in A[b] = A [b]. Since dim A = 1, A is a domain 
and A[b] is algebraic over A, the prime ideals WI nA[b] and W,flA[b] contract 
to the same maximal ideal A4 of A. Hence we have (O)C( W, nii[b]),-,,c 
(W,nA [bl)A\,w is a chain of prime ideals of A,[b]. Now (AM,iiM[b]) is an LP, 
dim AM = 1, dim AM [b] = 2 and A,,,, is integrally closed in ii, [b] . 
Let X be an indeterminate over A,. Let g denote the A,,,, homomorphism defined 
from A,[X] to A,[b] by g(X)=b. We claim that KergCMA,[X]. For, if 
Ker g$ZMA,[X], then from Lemma 4.2 it follows that b or b-l E A,. Since 
dimA,#dimA,[b], beAM. If bm’czAM, then A [b]=SplA, where S= 
{ 1, b-‘,bp2, . ..} and this would force dimA,[b]<dimA’z= 1. So bp’e?iM. Hence 
Ker g CMA, [Xl. Therefore MA,,,, [b] E Spec(ii, [b]) and 
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Hence A,[b] has an infinite number of prime ideals containing MA,[b]. Let 
Q~Spec(A~[b]), Q+(O). Since A,[b] is algebraic over A,, QnA,#(O) and so 
QnA,=MA,. Hence Q>MA,[b]. This shows that the pseudo-radical of A,[b] 
(i.e. the intersection of all the nonzero prime ideals of A,[b]) is nonzero. It is 
known that a Laskerian domain with nonzero pseudo-radical can have only a finite 
number of prime ideals (for a proof, see the remark following Lemma 3.7 of [l 11). 
It follows that A,[61 is non-Laskerian, in contradiction to the fact that (A,,,,, AM[b]) 
is an LP. So we conclude that dim Tsm. 0 
Lemma 5.5. Let (R, T) be an LP. Assume that dim R = 2. Then dim T= 2. 
Proof. In view of Lemma 5.4 we need only to prove that dim Tr 2. Let PeC Pi C P2 
be a maximal chain of prime ideals of R. Now PO is a minimal prime ideal of R. 
Notice that m in T= f-j;=1 Qi where Qr, . . . , Q, are all the minimal prime ideals of 
T.HenceitfollowsthatP,=QinRforsomei~{1,...,r}.SetA=R/P~,B=T/Q~. 
We have (A, B) is an LP and dim A = 2. Let (0)C IV, C W, be a maximal chain of 
prime ideals of A. 
We claim that there exists QE Spec(B) such that QnA = W,. We first show that 
for any t E B, there exists a prime ideal of height 2 in A[t] which lies over W, in A. 
Let A denote the integral closure of A in B. By the ‘going up theorem’ for integral 
extensions, the chain of prime ideals (0)~ W, C W, of A can be lifted to a chain of 
prime ideals (0) cN, c N2 of A. Let t E B. We prove that there exists a prime ideal 
of height 2 in A [t] which lies over NZ in A. As N,nA = W, and A [t] is integral 
over A[t], and by Lemma 5.4, it is then clear that there will exist a prime ideal of 
height 2 in A[t] which lies over W, in A. 
There are two cases to be considered. 
Case (i). t e A,. In this case A,=(A[t]),q,,. So (O)CN,W,CN,A,, is a chain 
of prime ideals of (A [t]),-,,. Hence (O)cN,A,nA[t]CN,A,,nA[t] is a chain of 
prime ideals of A [t]. By Lemma 5.4, dim A [t] I 2. Hence height(N,A, n?i [t]) = 2 
in A[t] and (N,?i,,nii[t])n?i =N,. 
Case (ii). t @A,. Let X be an indeterminate over A. Let g : A [X] + A [t] be the 
A-homomorphism defined by g(X) = t. If Ker gg N,[X], then t is a root of a poly- 
nomial f(X) E A [X] \ Nz[X]. As A is integrally closed in A [t 1, from Lemma 4.2 we 
obtain either t or t-’ is in AN2. By assumption, t$A,. So t-‘eAN2. Notice that 
A,[t] =,!-‘A, were S= { 1, t-l, tp2, . ..} and (A,,,,,ANZ[t] =S-‘A,) is an LP. But 
this would force t-’ $N,A, by Proposition 3.2(i). Hence Ker gC NJX]. There- 
fore A[X]/N,[X]=A[t]/N2[t] and N2[t] is contained in an infinite number of 
maximal ideals of A[t] and each one of these maximal ideals is of height 2 in A[t] 
and lies over N2 in A. 
Now, given any finite subset {tl, . . . , t,} of B, by repeating the above procedure 
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a finite number of times one obtains a prime ideal of height 2 in A [t,, . . . , t,] 
which lies over W, in A. Therefore W,A[t r, . . . , t,] f7A = W, for any finite subset 
{t r,..., t,} CB. Hence it follows that W,BnA= W,. Now W,B can be enlarged 
to a prime ideal Q of B which is maximal with respect to the property that 
Qtl (A \ W,) = 0. Then it is clear that Qfl A = W,. 
The above arguments imply the following: 
(*) Let S c U be domains such that dim S = 2 and (S, U) is an LP. If PE Spec(S) and 
height P = 2 in S, then there exists Q E Spec(U) such that Qn S = P. 
Now we show that dim B22. If A,= BA\~~, then dim(B,-,,J =2 and so 
dim B?2. So we suppose that A,#B,-,,. Hence there exists t E B\AN,. In case 
(ii) it is shown that there are infinitely many prime ideals of height 2 in A [tj contrac- 
ting to N2 in A. Let these be {Pa}aEn. Now @[t], B) is an LP and hence by (*) 
there exists Q, E Spec(B) such that Q, &?I [t] = P, for each a EA. Hence Q, flA = 
P,nA=N, for each a~/l. Choose ZEN~, z#O. Then ZEQ, for each a~ll. If 
dim B= 1, then ZE Q, for each (x EA would force B to be non-Laskerian. So we 
conclude that dim Br 2. Since B = T/Q;, dim Tr 2. Hence dim T= 2. This proves 
Lemma 5.5. 0 
Lemma 5.6. Let (R, T) be an LP. Assume that 2 I dim R-c 03. Then dim T= dim R. 
Proof. In view of Lemma 5.4 we need only to show that dim Tzdim R. We prove 
this by using induction on dim R. If dim R = 2, then it is shown in Lemma 5.5 that 
dim T= 2. Assume by induction that whenever (S, U) is an LP and if dim S = m 2 2, 
then dim Uzm. Let dimR=m+ 1, mz2. Let PoCP,C--.CP,,+, be a maximal 
chain of prime ideals in R. Now PO is a minimal prime ideal of R. Hence there 
exists a minimal prime ideal Q. of T such that Q. fl R = PO. Set A = R/P,, B = T/Qo. 
Notice that (A,B) is an LP and dimA=m+ 1. Let (0)C W,C W,C...C Wm+, be a 
maximal chain of prime ideals in A. 
We claim that there exists Q E Spec(B) such that QnA = W,. Let A denote the 
integral closure of A in B. By the ‘going up theorem’ for integral extensions there 
exists a chain of prime ideals (0) c N, C N2 C ... C N, + r in A such that N; fl A = W; 
(for i-1,2,..., (m + 1)). Let t E B (t # 0). We prove t EA,,,,~. Let X be an indeter- 
minate over A. Let g denote the A-homomorphism from A [X] onto A [t] defined 
byg(X)=t. IfKergCN,[X], thenA[X]/N,[Xl=A[tl/N,[tl. Henceii[tl/N,[tl 
is a polynomial ring in one variable over A/N,. As (A,A[t]) is an LP and 
- - 
N, [t] flA = N, , (A/N,,ii [t]/N,,* [t]) is an LP. But this will contradict Proposition 
1.5 since A/N, is a domain but not a field. Hence Ker g$Z N, [Xl. Hence from 
Lemma 4.2, it follows that either t or t-’ is in ii,. If t$AN,,2, then tpl E N,,,AN,, 
and A [t] = S-‘A N,n N,,, where S= { 1, tC’, tp2, . ..}. Further, (AN,,,,AN,,, [t]) is an LP. 
But this will force tpl $ N,ii,,,,, by Proposition 3.2(i), a contradiction. So t l ANm. _ 
Hence it follows that BA\~,,~ =A,,{. Set Q=N,A,,, fl B. Then Q E Spec(B) and 
Q~A=(N,~~,,,flB)~A=(N,&,Jl~)~A=N,f-lA= W,. 
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Notice that (A/W,, B/Q) is an LP and dim(A/W,) = m. By induction hypothesis 
it follows that dim(B/Q)r m. Since Q E Spec(B), Q# (0), dim Bz (m + 1). As 
B = T/Q,, it follows that dim Tr dim BL m + 1 = dim R. Hence dim T= dim R. 0 
We now prove Theorem 5.1. 
Proof of Theorem 5.1. Assume that (R, T) is an LP. First suppose that dim R < co. 
If dim RI 1, then it is clear that (dim R) - 1 I dim TI (dim R) + 1. If dim R = m 2 2, 
then by Lemma 5.6, dim T= dim R. 
Next suppose that R is infinite-dimensional. Then corresponding to each positive 
integer j, there exists a chain of prime ideals of length j in R. Fix jz 3. Let P,,c 
P,C ... CPj be a chain of prime ideals in R with PO a minimal prime ideal of R. 
There exists a minimal prime ideal Q,, of T such that QonR = PO. Set A = R/P,, 
B = T/Q,. In A there exists a chain of prime ideals (0) C W', C ... C Wj (j? 3). Let A 
denote the integral closure of A in B. Let (O)CN, C ... C&‘/ be a chain of prime 
idealsinAsuchthatN,nA=W,(fori=1,2,..., j). Proceeding as in the proof of 
Lemma 5.6, it can be shown that A,_, = BA iN,_, . Hence it follows that dim BI 
dim&-\,, ,>(j- ), 1 so that dim Tr (j- 1). This is true for all j> 1. Therefore T 
is also infinite-dimensional. 
Let 1 <dim T< 00. From the previous paragraph we obtain that dim R < 00. Since 
dim T> 1, Corollary 5.3 implies that dim R z I. If dim R = 1, then Lemma 5.4 would 
force dim TI 1. So dim R2 2. Now from Lemma 5.6, dim R = dim T. If Tis infinite- 
dimensional, then by Corollary 5.3, R is also infinite-dimensional. This completes 
the proof of Theorem 5.1. 0 
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